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ON SUMS RELATED TO CENTRAL BINOMIAL AND
TRINOMIAL COEFFICIENTS
ZHI-WEI SUN
Abstract. A generalized central trinomial coefficient Tn(b, c) is
the coefficient of xn in the expansion of (x2+bx+c)n with b, c ∈ Z.
In this paper we investigate congruences and series for sums of
terms related to central binomial coefficients and generalized cen-
tral trinomial coefficients. The paper contains many conjectures on
congruences related to representations of primes by certain binary
quadratic forms, and 62 proposed new series for 1/pi motivated by
congruences and related dualities.
1. Introduction








play important roles in combinatorics and number theory. In this sec-
tion we first review some known results on sums involving products of
at most three central binomial coefficients.
Let Z+ = {1, 2, 3, . . .}. Recall that for given numbers A and B
the Lucas sequence un = un(A,B) (n ∈ N) and its companion vn =
vn(A,B) (n ∈ N) are defined by
u0 = 0, u1 = 1, un+1 = Aun −Bun−1 (n ∈ Z+),
and
v0 = 2, v1 = A, vn+1 = Avn − Bvn−1 (n ∈ Z+).
It is well known that
(α− β)un = αn − βn and vn = αn + βn for all n ∈ N,
where α = (A +
√
∆)/2 and β = (A−√∆)/2 with ∆ = A2 − 4B.
Key words and phrases. Central binomial coefficients, central trinomial coeffi-
cients, congruences, representations of primes by binary quadratic forms, series for
1/pi




Let p be an odd prime and let m be any integer not divisible by p.


















(m− 2, 1) (mod p2),
where (−) denotes the Jacobi symbol.
Let p ≡ 1 (mod 4) be a prime. Write p = x2+y2 with x ≡ 1 (mod 4)




≡ 2x (mod p),
and this was further refined by S. Chowla, B. Dwork and R. J. Evans












For more such congruences involving products of one or more binomial
coefficients, the reader may consult the excellent survey [HW] by R. H.




































and this was later confirmed by Z.-H. Sun [S1]. Recently the author























Note that p | (2k
k
)
for all k = (p+ 1)/2, . . . , p− 1.










4x2 − 2p (mod p2) if p = x2 + y2 (2 ∤ x & 2 | y),
0 (mod p2) if p ≡ 3 (mod 4).


















4x2 − 2p (mod p2) if (p
7
) = 1 & p = x2 + 7y2,
0 (mod p2) if (p
7
) = −1.
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(Throughout this paper, when we write a multiple of a prime in the
form ax2 + by2, we always assume that x and y are nonzero integers.)













1 + 4x)2 (1)















Actually (1) is just a special case of the well-known Clausen formula













(x(x+ 1))k = Dn(x)
2 (2)












Note that those Dn = Dn(1) (n = 0, 1, 2, . . .) are central Delannoy
numbers (see, e.g., [CHV], [Su3] and [St, p. 178]. It is well known
that Pn(−x) = (−1)nPn(x), i.e., (−1)nDn(x) = Dn(−x − 1) (cf. [Su3,
Remark 1.2]). As observed by Z.-H. Sun [S1, Lemma 2.2], if 0 6 k 6

































This simple trick was also realized by van Hamme [vH, p. 231]. Com-






















































modulo p2 (with m suitable integers not divisible by p) given in [Su4,











































































(mod p2) (p > 3).
(6)












In 1914 S. Ramanujan [R] found 16 new series for 1/pi which are quite
similar to Bauer’s series. The (rational) Ramanujan-type series for 1/pi











































and a, d,m are integers with dm 6= 0, and C2 is rational. Up to now,
36 such series have been established via the theory of modular forms.
The reader may consult [CCL], [CC], and S. Cooper [C] for some other
series for 1/pi.
Let p be an odd prime. Note that Γ(1/2)2 = pi while Γp(1/2)
2 =
(−1)(p+1)/2, where Γp(x) denotes the p-adic Γ-function. In view of this,
in 1997 van Hamme [vH] studied p-adic supercongruences for partial
sums of some hypergeometric series involving the Gamma function. (If
a p-adic congruence happens to be true modulo a higher power of p,
then it is called a supercongruence.) For example, Bauer’s series led
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which was later confirmed by E. Mortenson [M2] in 2008. More su-
percongruences motivated by Ramanujan-type series have been inves-
tigated by some followers of van Hamme, see, e.g., L. Long [L] and
Zudilin’s work stated there. The author [Su6] refined the congruence






















where E0, E1, . . . are the Euler numbers defined by








En−k = 0 (n ∈ Z+).
For more conjectural connections between Ramanujan-type congru-
ences and Euler numbers or Euler polynomials, the reader may consult
[Su4].







) = pi/2 (see
G. Almkvist, C. Krattenthaler and J. Petersson [AKP] for a simple
proof). Though this is not a Ramanujan-type series, the author con-











































− 18p (mod p2).
The author [Su4] found some new series for powers of pi motivated by
corresponding p-adic congruences. Here is a new example: Immediately
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The author [Su4, Su7] found that an identity like (7) usually cor-
responds to a congruence for
∑p−1
k=0 f(k)/m
k modulo p2 in terms of
parameters in representations of a prime p or its multiple by certain
binary quadratic forms. This was the main starting point of the au-
thor’s discoveries of many new series for 1/pi.
Let n ∈ N. Clearly (2n
n
)
is the coefficient of xn in the expansion of
(x2 + 2x+ 1)n = (x+ 1)2n. The nth central trinomial coefficient
Tn = [x
n](x2 + x+ 1)n
is the coefficient of xn in the expansion of (x2 + x + 1)n. Since Tn is



























Central trinomial coefficients arise naturally in enumerative combina-
torics (cf. [Sl]), e.g., Tn is the number of lattice paths from the point
(0, 0) to (n, 0) with only allowed steps (1, 1), (1,−1) and (1, 0).
Given b, c ∈ Z, we define the generalized central trinomial coefficients
Tn(b, c) :=[x




























and Tn(1, 1) = Tn. An efficient way to compute
Tn(b, c) is to use the initial values T0(b, c) = 1 and T1(b, c) = b, and the
recursion
(n+1)Tn+1(b, c) = (2n+1)bTn(b, c)−n(b2−4c)Tn−1(b, c) (n = 1, 2, . . .).
Note that the recursion is rather simple if b2 − 4c = 0.
CENTRAL BINOMIAL AND TRINOMIAL COEFFICIENTS 7
























(In the case d = 0, (10) holds trivially since x2+bx+c = (x+b/2)2.) By
the Laplace-Heine formula (cf. [Sz, p. 194]), for any complex number






x2 − 1 as n→ +∞.
It follows that if b > 0 and c > 0 then








as n→ +∞. (11)
Note that Tn(−b, c) = (−1)nTn(b, c).
The generalized central trinomial coefficients seem to be natural ex-
tensions of the central binomial coefficients. To see this, in the next


















modulo an odd prime p, where b, c,m ∈ Z and m 6≡ 0 (mod p). One







/mk mod p2 with




































































modulo p2, where p is an odd prime, b, c,m ∈ Z and m 6≡ 0 (mod p).
For this purpose, we need to extend those congruences (3)-(6) in Section
3.
Section 4 contains many conjectural congruences involving general-
ized central binomial coefficients and they offer backgrounds for those
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conjectural series for 1/pi in Sect. 5. In the fifth section we first show
a theorem on dualities and then propose 61 new conjectural series for




































(b2 − 4c)2k (mod p). (13)




























For b, c ∈ Z with d = b2−4c 6≡ 0 (mod p), we get (13) from the known
result djTp−1−j(b, c) ≡ (dp)Tj(b, c) for j = 0, . . . , p− 1 (see [N, (14)] or
[Su9, Lemma 2.2]). 
Theorem 2.1. Let p be an odd prime and let m, b, c ∈ Z with m 6≡













)2xc(p−1)/4 (mod p) if p = x2 + y2 (4 | x− 1),
0 (mod p) if p ≡ 3 (mod 4).
(14)






















(m− 4b)2k (mod p). (15)
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/(−4)k (mod p) for



































































Tn(m− 4b, 16c) (mod p).
Observe that


































(m− 4b)n−2kck (mod p).
Thus (15) holds when m 6≡ 4b (mod p). If m ≡ 4b (mod p), then








cn/2 (mod p) if 2 | n,










) ≡ (−1)n (mod p). If p = 2n+ 1 ≡ 1 (mod 4) and
p = x2 + y2 with x ≡ 1 (mod 4), then ( n
n/2
) ≡ 2x (mod p) as observed
by Gauss. Thus, (14) holds when m ≡ 4b (mod p).
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Now suppose that d = b2 − 4c 6≡ 0 (mod p) and h ∈ Z+. In view of

















































Recall that p | (2k
k
)
for each k = n + 1, . . . , p− 1. So (16) follows. 












(−1)(x−1)/2+y/42x (mod p) if 8 | p− 1 & p = x2 + y2 (2 ∤ x),
(−1)(y−2)/42y (mod p) if 8 | p− 5 & p = x2 + y2 (2 | y),
0 (mod p) if p ≡ 3 (mod 4).
Proof. If p ≡ 3 (mod 4), then ∑p−1k=0 (2kk )Tk(1, 2)/4k ≡ 0 (mod p) by
(14) with m = 4, b = 1 and c = 2.
Now assume that p ≡ 1 (mod 4) and write p = x2 + y2 with x ≡
1 (mod 4) and y ≡ 0 (mod 2). Applying (14) with m = 4, b = 1 and








Tk(1, 2) ≡ 2x× 2(p−1)/4 (mod p).
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If p ≡ 1 (mod 8), then 4 | y and hence 2(p−1)/4 ≡ (−1)y/4 (mod p). If









Combining the above, we obtain the desired result. 

























































































which was conjectured in [RV] and proved in [M1]. So the two congru-
ences in Corollary 2.2 are valid. 






























(−1)k[x0](1 + x+ x−1)2k
=[x0]
(































This concludes the proof. 


























































































































T3k(6, 1) ≡ 1 (mod p).

























) (mod p2) if p = x2 + 3y2,













)2x (mod p) if p = x2 + 3y2,













(−1)⌊x/6⌋+y/22x (mod p) if 12 | p− 1& p = x2 + y2 (2 ∤ x),
(−1)(x+y+1)/2(xy
3
)2y (mod p) if 12 | p− 5& p = x2 + y2 (2 ∤ x),
0 (mod p) if p ≡ 3 (mod 4).













) (mod p) if (p
7
) = 1 & p = x2 + 7y2,
0 (mod p) if (p
7
) = −1, i.e., p ≡ 3, 5, 6 (mod 7).
3. Extensions of (2)–(6) with applications to sums
involving generalized central trinomial coefficients
Our following theorem is a natural generalization of (2).






















Proof. Let an denote the left hand side or the right-hand side of (17).
It is easy to see that
a0 = 1, a1 = (2x+ 1)(2y + 1), a2 = (6x
2 + 6x+ 1)(6y2 + 6y + 1)
and
a3 = (20x
3 + 30x2 + 12x+ 1)(20y3 + 30y2 + 12y + 1).
Applying the Zeilberger algorithm (cf. [PWZ, pp. 101-119]) via Mathematica
we find the recursion for n > 3:
(n + 1)2(2n− 3)an+1 − (2n− 3)(2n+ 1)2(2x+ 1)(2y + 1)an
+ (2n− 1)A(n, x, y)an−1 − (2n− 3)2(2n+ 1)(2x+ 1)(2y + 1)an−2
+ (n− 2)2(2n + 1)an−3
= 0,
where
A(n, x, y) := 6n2 − 6n− 5 + (16n2 − 16n− 12)(x+ y − x2 − y2).
Thus (17) holds by induction. 
Now we give our extensions of (3)− (6).
Theorem 3.2. Let p be a prime and let a ∈ Z+. Let h be a p-adic






























(xy + y)j(x− y)k−j (mod p2).
(18)















































































(xy + y)j(x− y)k−j (mod p2);
(20)
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(xy + y)j(x− y)k−j (mod p2).
(22)




















































Also, (19)-(22) in the case x = y and a = 1 yield (3)-(6) respectively.
The reader may wonder how we found Theorem 3.2. In fact, (17) is
our main clue to the congruence (19). By refining our proof of (19)-(22)
we found (18).
To prove Theorem 3.2 we need two lemmas.























as defined in Theorem 3.2.
Proof. Let un denote the left-hand side of (23). By applying the Zeil-
berger algorithm via Mathematica, we find the recursion:
(n+ 1)(m+ n + 1)un+1 = (h− n)(h + n+ 1)un (n = 0, 1, 2, . . .).
Thus (23) can be easily proved by induction on n. 
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Proof. If m < n then both sides of (24) vanish. (24) in the case m = n
can be directly verified. Let sm denote the left-hand side of (24). By
the Zeilberger algorithm we find the recursion
(m+1)(m−n+1)sm+1 = (k+m+1)(k+m+n+1)sm (m = n, n+1, . . .).
So we can show (24) by induction. 
Proof of Theorem 3.2. In view of Remark 3.1, it suffices to prove (18).
Note that both sides of (18) are polynomials in x and y and the degrees
with respect to x or y are all smaller than pa.
Fix m,n ∈ {0, . . . , pa − 1} and let c(m,n) denote the coefficient of





= 0 for k = 1, 2, 3, . . ..























































































































































≡ 0 (mod p2). (25)










≡ 0 (mod p)
under the supposition n > k > pa−m. Note that m+n > k+m > pa
and 0 < pa − n 6 k +m− n 6 m < pa. As the addition of m and n in








So far we have completed the proof of Theorem 3.2. 
Theorem 3.2 implies the following useful result on congruences for
sums of central binomial coefficients and generalized central trinomial
coefficients.
Theorem 3.3. Let p be an odd prime and let x be a p-adic integer.


























































































d x)k (mod p2).
(27)
























































































d x)k (mod p2).
(29)




D in Theorem 3.3 are viewed as
algebraic p-adic integers.
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Note also that p | (2k
k
)



































(1− t)k (mod p2),














uv + v =





x and u− v =
√
d x.



























So the first congruence in (26) follows from (19). Similarly, (27)-(29)
are consequences of (20)-(22) respectively. 
For d ∈ {2, 3, 4, 7}, it is well known that an odd prime p can be
written in the form x2 + dy2 with x, y ∈ Z if and only if (−d
p
) = 1 (see,
e.g., [BEW] and [Co]).
Applying (26) we get the following new results.













)(4x2 − 2p) (mod p2) if p = x2 + 4y2,















)4x2 (mod p) if p = x2 + 2y2,










4x2 (mod p) if p = x2 + 3y2,























4x2 (mod p) if (p
7
) = 1 and p = x2 + 7y2,
0 (mod p2) if (p
7
) = −1, i.e., p ≡ 3, 5, 6 (mod 7).
(33)
Remark 3.3. Let p be an odd prime. We guess that 4x2 (mod p) in
(31)-(33) can be replaced by 4x2 − 2p (mod p2).
To prove Theorem 3.4 we need a lemma.










































































































(35) follows from [S1, Theorem 2.6] and its proof. 
Proof of Theorem 3.4. For convenience we set n = (p− 1)/2.
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if p = x2 + y2 with x ≡ 1 (mod 4) and y ≡ 0 (mod 2). This was
confirmed by Z.-H. Sun [S1]. So the desired (30) follows.

































































By [S2, Theorem 2.7], Pn(
√
2) ≡ 0 (mod p) if (−2
p





)4x2 (mod p) if (−2
p
) = 1 and p = x2 + 2y2 (x, y ∈ Z).
So (31) holds.





































By [S2, Theorem 2.8], Pn(
√
3/2) ≡ 0 (mod p) if p ≡ 2 (mod 3),
and Pn(
√
3/2)2 ≡ (−1)n4x2 (mod p) if p ≡ 1 (mod 3) and p =
x2 + 3y2 (x, y ∈ Z). Therefore (32) is valid.
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where α = (1+3















































































By [S2, Theorem 2.5], Pn(
√−63) ≡ Pn(3
√
7/8) ≡ 0 (mod p) if
(p
7









≡ 4x2 (mod p)
if (p
7
) = 1 and p = x2 + 7y2 (x, y ∈ Z). Therefore (33) holds. 








≡ 8p+ 16p4Bp−3 (mod p5)
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in Jan. 2011 which was the starting point of the discovery of many
series for 1/pi of new types given in Section 5.
4. Conjectural congruences related to representations
of primes by binary quadratic forms
In view of (26), our following conjecture implies that for any prime












(4x2 − 2p) (mod p2).
Conjecture 4.1. Let p be an odd prime with (p
7
) = 1. Write p =
x2+7y2 with x, y ∈ Z such that x ≡ 1 (mod 4) if p ≡ 1 (mod 4), and































) (mod p2) if p ≡ 1 (mod 4),
0 (mod p2) if p ≡ 3 (mod 4).
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√−7), the imaginary quadratic field Q(√−11) also has
class number one. Let p be an odd prime. Whenever ( p
11
) = 1 we can














x2 − 2p (mod p2) if 4p = x2 + 11y2,
0 (mod p2) if ( p
11
) = −1.





































where α = (1 +
√
33)/2 and β = (1 − √33)/2. Observe that 2αk =
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p2 (cf. [Su2, Conjecture 5.4]) leads us to raise the following conjecture.
Conjecture 4.2. Let p > 3 be a prime. If ( p
11




















(−64)k vk(1,−8) ≡ 0 (mod p).
When ( p
11
) = 1, p ≡ 1 (mod 3), and 4p = x2 + 11y2 with x ≡




































































































vk(8, 27) ≡− 2x (mod p2).
When ( p
11
) = 1, p ≡ 2 (mod 3), and 4p = x2 + 11y2 with y ≡

































































































vk(8, 27) ≡ −y
9
(mod p2).












mod p2 (with p > 3 a prime) and the congruence (28), we pose the
following conjecture which involves the well-known Fibonacci numbers
Fk = uk(1,−1) (k ∈ N) and Lucas numbers Lk = vk(1,−1) (k ∈ N).
Note that the imaginary quadratic field Q(
√−15) has class number 2.
Conjecture 4.3. Let p > 5 be a prime. If p ≡ 1, 4 (mod 15) and












































Lk ≡ 4x (mod p2).
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Lk ≡ 0 (mod p2) if p ≡ 2 (mod 3).
In fact, we have many other conjectures similar to Conjectures 4.1-
4.3; for the sake of brevity we don’t include them in this paper.
Conjecture 4.4. Let p > 3 be a prime.
















) = 1 and write 4p = x2 + 35y2 with








































































































) = ( p
13




























) = ( p
17



























) = ( p
11























Remark 4.2. Let p ≡ 1, 4 (mod 15) be a prime with p = x2 + 15y2











√−15− 16√−3) (mod p2).













≡ 4x2 − 2p (mod p2).
We omit here similar comments on parts (ii)-(vii) of Conjecture 4.4.
We also have many other conjectures similar to Conjecture 4.4.























4x2 − 2p (mod p2) if p ≡ 1, 9 (mod 20) & p = x2 + 5y2,
2x2 − 2p (mod p2) if p ≡ 3, 7 (mod 20) & 2p = x2 + 5y2,
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4x2 − 2p (mod p2) if p ≡ 1, 7 (mod 24), p = x2 + 6y2,
8x2 − 2p (mod p2) if p ≡ 5, 11 (mod 24), p = 2x2 + 3y2,

















)(4x2 − 2p) (mod p2) if p ≡ 1, 7 (mod 24), p = x2 + 6y2,
8x2 − 2p (mod p2) if p ≡ 5, 11 (mod 24), p = 2x2 + 3y2,











































































4x2 − 2p (mod p2) if p ≡ 1, 9, 11, 19 (mod 40), p = x2 + 10y2,
8x2 − 2p (mod p2) if p ≡ 7, 13, 23, 37 (mod 40), p = 2x2 + 5y2,






































































) = 1 & 4p = x2 + 35y2,




) = −1 & 4p = 5x2 + 7y2,




























































) = 1 & p = x2 + 58y2,




) = −1 & p = 2x2 + 29y2,
0 (mod p2) if (−58
p
) = −1.
















) = 1 & p = x2 + 58y2,




) = −1 & p = 2x2 + 29y2,
0 (mod p2) if (−58
p
) = −1.
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x2 − 2p (mod p2) if (p
7
) = ( p
13
) = 1 & 4p = x2 + 91y2,
2p− 7x2 (mod p2) if (p
7
) = ( p
13
) = −1 & 4p = 7x2 + 13y2,
















































Remark 4.3. Note that the imaginary quadratic field Q(
√−d) has class
number two for d = 5, 6, 10, 15, 35, 58, 91.






















) = 1, p = x2 + 21y2,




) = −1, (p
3
) = 1, p = 3x2 + 7y2,




) = −1, (p
7
) = 1, 2p = x2 + 21y2,
6x2 − 2p (mod p2) if (−1
p




) = −1, 2p = 3x2 + 7y2,













































) = 1, p = x2 + 30y2,
12x2 − 2p (mod p2) if (p
3




) = −1, p = 3x2 + 10y2,
2p− 8x2 (mod p2) if (2
p




) = −1, p = 2x2 + 15y2,
2p− 6x2 (mod p2) if (p
5




) = −1, 2p = 3x2 + 10y2,





















) = 1, p = x2 + 42y2,
12x2 − 2p (mod p2) if (−2
p




) = −1, p = 3x2 + 14y2,
2p− 8x2 (mod p2) if (p
7




) = −1, p = 2x2 + 21y2,
2p− 6x2 (mod p2) if (p
3




) = −1, 2p = 3x2 + 14y2,
0 (mod p2) if (−42
p
) = −1.



















) = ( p
13
) = 1, p = x2 + 78y2,
2p− 8x2 (mod p2) if (2
p
) = 1, (p
3
) = ( p
13
) = −1, p = 2x2 + 39y2,
12x2 − 2p (mod p2) if ( p
13




) = −1, p = 3x2 + 26y2,
2p− 24x2 (mod p2) if (p
3
) = 1, (2
p
) = ( p
13
) = −1, p = 6x2 + 13y2,
0 (mod p2) if (−78
p
) = −1.
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) = ( p
17
) = 1, p = x2 + 102y2,
2p− 8x2 (mod p2) if ( p
17




) = −1, p = 2x2 + 51y2,
12x2 − 2p (mod p2) if (p
3
) = 1, (2
p
) = ( p
17
) = −1, p = 3x2 + 34y2,
2p− 24x2 (mod p2) if (2
p
) = 1, (p
3
) = ( p
17
) = −1, p = 6x2 + 17y2,
0 (mod p2) if (−102
p
) = −1.
Conjecture 4.14. Let p be an odd prime and let m belong to the set

















































Remark 4.4. We note that (36) holds mod p for any integer m 6≡
0 (mod p), and (37) holds mod p for anym ∈ Z withm2 6≡ −12 (mod p).
















) = ( p
19
) = 1, p = x2 + 190y2,
8x2 − 2p (mod p2) if (2
p
) = 1, (p
5
) = ( p
19
) = −1, p = 2x2 + 95y2,




) = −1, ( p
19
) = 1, p = 5x2 + 38y2,
2p− 40x2 (mod p2) if (2
p
) = ( p
19
) = −1, (p
5
) = 1, p = 10x2 + 19y2,

























































































) = 1, p = x2 + 70y2,
8x2 − 2p (mod p2) if (p
7




) = −1, p = 2x2 + 35y2,
2p− 20x2 (mod p2) if (p
5




) = −1, p = 5x2 + 14y2,
28x2 − 2p (mod p2) if (2
p




) = −1, p = 7x2 + 10y2,



















) = ( p
17
) = 1, p = x2 + 85y2,
2p− 2x2 (mod p2) if ( p
17




) = −1, 2p = x2 + 85y2,
2p− 20x2 (mod p2) if (−1
p
) = 1, (p
5
) = ( p
17
) = −1, p = 5x2 + 17y2,
10x2 − 2p (mod p2) if (p
5
) = 1, (−1
p
) = ( p
17
) = −1, 2p = 5x2 + 17y2,



















) = ( p
13
) = 1, p = x2 + 130y2,
8x2 − 2p (mod p2) if (−2
p
) = 1, (p
5
) = ( p
13
) = −1, p = 2x2 + 65y2,
2p− 20x2 (mod p2) if (p
5
) = 1, (−2
p
) = ( p
13
) = −1, p = 5x2 + 26y2,
2p− 40x2 (mod p2) if ( p
13




) = −1, p = 10x2 + 13y2,
0 (mod p2) if (−130
p
) = −1.
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Remark 4.5. . The imaginary quadratic field Q(
√−d) has class number
four for d = 21, 30, 42, 70, 78, 85, 102, 130, 190.















)(4x2 − 2p) (mod p2) if p = x2 + 7y2,


















)(x2 − 2p) (mod p2) if 4p = x2 + 11y2,


















)(x2 − 2p) (mod p2) if 4p = x2 + 19y2,
0 (mod p2) if ( p
19
) = −1.
















)(x2 − 2p) (mod p2) if 4p = x2 + 43y2,
0 (mod p2) if ( p
43
) = −1.
















)(x2 − 2p) (mod p2) if ( p
67
) = 1 & 4p = x2 + 67y2,
0 (mod p2) if ( p
67
) = −1.
















)(x2 − 2p) (mod p2) if ( p
163
) = 1 & 4p = x2 + 163y2,
































)(x2 − 2p) (mod p2) if p ≡ 1 (mod 3) & 4p = x2 + 27y2,



















) (mod p2) if 3 | p− 1 and 2 is a cubis residue mod p,
0 (mod p) otherwise.
Remark 4.6. The imaginary quadratic field Q(
√−d) has class number
one for d = 7, 11, 19, 43, 67, 163. We observe that if p > 3 is a prime



























(−9m− 24)3k (mod p).
Conjecture 4.18. Let p be an odd prime.



























) = 1, p = x2 + 30y2,
12x2 − 2p (mod p2) if (p
3




) = −1, p = 3x2 + 10y2,
2p− 8x2 (mod p2) if (2
p




) = −1, p = 2x2 + 15y2,
20x2 − 2p (mod p2) if (p
5
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) = 1, p = x2 + 42y2,
8x2 − 2p (mod p2) if (p
7




) = −1, p = 2x2 + 21y2,
12x2 − 2p (mod p2) if (−2
p




) = −1, p = 3x2 + 14y2,
24x2 − 2p (mod p2) if (p
3
















































































) = ( p
11
) = 1, p = x2 + 33y2,
2x2 − 2p (mod p2) if (−1
p
) = 1, (p
3
) = ( p
11
) = −1, 2p = x2 + 33y2,
12x2 − 2p (mod p2) if ( p
11




) = −1, p = 3x2 + 11y2,
6x2 − 2p (mod p2) if (p
3
) = 1, (−1
p
) = ( p
11
) = −1, 2p = 3x2 + 11y2,




















) = ( p
19
) = 1, p = x2 + 133y2,
2x2 − 2p (mod p2) if (p
7
) = 1, (−1
p
) = ( p
19
) = −1, 2p = x2 + 133y2,
2p− 28x2 (mod p2) if ( p
19




) = −1, p = 7x2 + 19y2,
2p− 14x2 (mod p2) if (−1
p
) = 1, (p
7
) = ( p
19
) = −1, 2p = 7x2 + 19y2,
0 (mod p2) if (−133
p
) = −1.


















) = 1, p = x2 + 70y2,
8x2 − 2p (mod p2) if (p
7




) = −1, p = 2x2 + 35y2,
20x2 − 2p (mod p2) if (p
5




) = −1, p = 5x2 + 14y2,
2p− 28x2 (mod p2) if (2
p




) = −1, p = 7x2 + 10y2,
0 (mod p2) if (−70
p
) = −1.
















) = ( p
17
) = 1, p = x2 + 102y2,
8x2 − 2p (mod p2) if ( p
17




) = −1, p = 2x2 + 51y2,
12x2 − 2p (mod p2) if (p
3
) = 1, (2
p
) = ( p
17
) = −1, p = 3x2 + 34y2,
24x2 − 2p (mod p2) if (2
p
) = 1, (p
3
) = ( p
17
) = −1, p = 6x2 + 17y2,
0 (mod p2) if (−102
p
) = −1.
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) = ( p
13
) = 1, p = x2 + 78y2,
8x2 − 2p (mod p2) if (2
p
) = 1, (p
3
) = ( p
13
) = −1, p = 2x2 + 39y2,
2p− 12x2 (mod p2) if ( p
13




) = −1, p = 3x2 + 26y2,
2p− 24x2 (mod p2) if (p
3
) = 1, (2
p
) = ( p
13





where δm,n takes 1 or 0 according as m = n or not. If p 6= 5, then
p−1∑
k=0










) = ( p
13
) = 1, p = x2 + 78y2,
2p− 8x2 (mod p2) if (2
p
) = 1, (p
3
) = ( p
13
) = −1, p = 2x2 + 39y2,
12x2 − 2p (mod p2) if ( p
13




) = −1, p = 3x2 + 26y2,
2p− 24x2 (mod p2) if (p
3
) = 1, (2
p
) = ( p
13
) = −1, p = 6x2 + 13y2,































) = 1 & p = x2 + 22y2,




) = −1 & p = 2x2 + 11y2,
















4x2 − 2p (mod p2) if (p
7
) = 1 & p = x2 + 7y2,













































4x2 − 2p (mod p2) if p ≡ 1 (mod 12) & p = x2 + 9y2,
4xy (mod p2) if p ≡ 5 (mod 12) & p = x2 + y2 (3 | x− y),
0 (mod p2) if p ≡ 3 (mod 4).

























) = 1 & p = x2 + y2 (5 ∤ x),




) = 1 & p = x2 + y2 (5 | x− y),
0 (mod p2) if p ≡ 3 (mod 4) & p 6= 11.
We have many conjectures similar to Conjectures 4.18-4.25. For







T 2k (b, c)/m
k mod p2 is related to the
representation p = x2 + dy2 if (b, c,m; d) is among
(5, 4, 4; 10), (3,−4, 36; 13), (5, 4, 142; 30),
(7, 1, 142; 30), (7, 28, 142; 21), (11, 49, 222; 42).
Though we will not list many other conjectures similar to Conjectures
4.4-4.25, the above conjectures should convince the reader that our
conjectural series for 1/pi in the next section are indeed reasonable in
view of the corresponding congruences.
5. Dualities and new series for 1/pi
As mentioned in Section 1, for b > 0 and c > 0 the main term of











Here we formulate a further refinement of this.
Conjecture 5.1. For any positive real numbers b and c, we have
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as n→ +∞. If c > 0 and b = 4√c, then
Tn(b, c)√
c













































(1− x)k (mod p2) (38)
via Legendre polynomials; in fact this follows from the well-known
identity Pn(−x) = (−1)nPn(x) with n = (p − 1)/2. In [Su8] the au-









































































(1− x)k (mod p2) (p 6= 3). (41)
Our following result on dualities was motivated by (38)-(41).
Theorem 5.1. Let p be an odd prime and let b, c and m 6≡ 0 (mod p)










































Tk(m− b, c) (mod p2), (43)
42 ZHI-WEI SUN
















































Tk(m− b, c) (mod p2).
(45)
Proof. Since the proofs of (42)-(45) are very similar, we just show (43)
in detail.






























































































































































Tk(m− b, c) (mod p2).
The proof of Theorem 5.1 is now complete. 
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4x2 − 2p (mod p2) if p = x2 + y2 (2 ∤ x),
0 (mod p2) if p ≡ 3 (mod 4),

















































Based on our investigations of congruences on sums of central bi-
nomial coefficients and central trinomial coefficients, and the author’s
philosophy about series for 1/pi stated in [Su7], we raise 61 conjectural
series for 1/pi of the following seven new types with a, b, c, d,m integers




































































Recall that a series
∑∞
k=0 ak is said to converge at a geometric rate
with ratio r if limk→+∞ ak+1/ak = r ∈ (0, 1). All the series in Conjec-
tures I-VII below converge at geometrical rates, and they were found
by the author in 2011 except that (IV19)-(IV21) were discovered in
2012.




















































Remark 5.1. (I1) was the first identity for 1/pi involving generalized
central trinomial coefficients; it was discovered by the author on Jan.
2, 2011. Different from classical Ramanujan-type series for 1/pi (cf.
N. D. Baruah and B. C. Berndt [BB], and Berndt [Be, pp. 353-354])
and their known generalizations (see, e.g., S. Cooper [C]), the two
coefficients in the linear part 30k − 1 of (I3) have different signs, and













































































































































































































































Remark 5.2. . In view of (44), we may view (II9) as the dual of (II7)
since 1983/27− 198 = 287298. The series in (II7) converges rapidly at
a geometric rate with ratio 25/35937, but the series in (II9) converges
very slow at a geometric rate with ratio 71825/71874. (II2), (II9) and















4x2 − 2p (mod p2) if p ≡ 1, 3 (mod 8) & p = x2 + 2y2,
0 (mod p2) if (−2
p










































































































































































































































































































Remark 5.3. (III12) and (III13) are dual in view of (43). Other dual
pairs include (III6) and (III7), (III8) and (III9), (III10) and (III11).
Below are the corresponding p-adic congruences for (III1) and (III13)
















































(mod p2) (p 6= 19, 43).












































































































































































































































































































then∣∣∣∣s(15)× pi1155√6 − 1
∣∣∣∣ < 11050 and
∣∣∣∣s(30)× pi1155√6 − 1
∣∣∣∣ < 110100 .
Here are corresponding p-adic congruences of (IV9)-(IV11) and (IV18)
















































































(mod p2) (p 6= 13).








































Remark 5.5. (V1) was motivated by Conjecture 4.10; the series con-
verges at a geometric rate with ratio −64/125.














with a, d,m ∈ Z, b ∈ {1, 3, 4, . . .}, d > 0, and C2 rational. This comes
from our following hypothesis motivated by (16) in the case h = 2 and
the author’s philosophy about series for 1/pi stated in [Su7]. We have
applied the hypothesis to seek for series for 1/pi of type IV and checked
all those b = 1, . . . , 106 via computer.












with a, d,m ∈ Z, b ∈ Z+ and C2 ∈ Q \ {0}. Then √|m| is an integer
dividing 16(b2 − 4). Also, b = 7 or b ≡ 2 (mod 4).
(ii) Let ε ∈ {±1}, b,m ∈ Z+ and m | 16(b2 − 4). Then, there are


































for all odd primes p ∤ b2 − 4, where m¯ = 16(b2 − 4)/m.
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respectively. The author would like to offer $300 as the prize for the
person (not joint authors) who can provide first rigorous proofs of all
the three identities (VI1)-(VI3). (VI1) and (VI3) were motivated by
the author’s following conjectural congruences for any prime p > 3:
p−1∑
k=0







)(4x2 − 2p) (mod p2) if p = x2 + 3y2,


























)(4x2 − 2p) (mod p2) if p = x2 + 7y2,

















































































































































respectively. The author found (VII2) and (VII3) in light of Conjecture
4.18. Similarly, (VII6)-(VII7) were motivated by Conjectures 4.19-4.20.
Concerning the new identities in Conjectures I-VII, actually we first
discovered congruences without linear parts related to binary quadratic
forms (like many congruences in Section 4), then found corresponding
p-adic congruences with linear parts, and finally figured out the series
for 1/pi.
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ID arXiv:1101.0600. The preprint version of this paper available from
arXiv has stimulated some others to work on our conjectural series for
1/pi of types I-V in Section 5.
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